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Abstract. We give three examples of large intervals in the 
lattice of (local) clones on an infinite set X, by exhibiting 
clones % such that: 

(1) the interval G\ in the lattice of local clones is (as a 
lattice) isomorphic to {0, 1,2, . . .} under the divisibility 
relation, 

(2) the interval ['^^2 , (f\ in the lattice of local clones is iso- 
morphic to the congruence lattice of an arbitrary semi- 
lattice, 

(3) the interval ["i^s, ()'\ in the lattice of all clones is isomor- 
phic to the lattice of all filters on X. 

These examples explain the difficulty of obtaining a satisfac- 
tory analysis of the clone lattice on infinite sets. In particular, 
(1) shows that the lattice of local clones is not dually atomic. 



0. Introduction 

Definition 0.1. Let X be a nonempty set. The jull clone on X, 
called G or G{X) is the set of all finitaiy functions or ("operations") 
on X: 6 — U^i where is the set of all functions from 

X" into X. 

A clone (on X) is a set '£ G which contains all projections and is 
closed under composition. 

Alternatively, 'i' is a clone if is the set of term functions of some 
universal algebra over X. 

For any set C ^, we write cZ(^) for the smallest clone contain- 
ing ^€ . 

The set of clones over X forms a complete algebraic lattice with 
largest element 6 . The coatoms of this lattice are called "pre- 
complete clones" or "maximal clones". (See also [Szendrei 1986| . 
IPdschel-hKaluznin 1979| ). 

Definition 0.2. A clone is called a local clone, iff each set '^n^'-*''-' is 
closed in the product topology (Tychonoff topology) on X^ , where 
X is taken to be discrete. In other words, is local iff: 

Whenever / e ^C^^ and for all finite sets A C X^ 
there is 5 G ^ with g \ ] \ A, then / G 
For any ^ C 1^, we write loc{f€) for the smallest local clone contain- 
ing "T. (Soc/C^) CZoc(<^).) 
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The set of local clones over X forms again a complete lattice 
with largest element (a sublattice of the lattice of all clone). The 
coatoms of this lattice are called "precomplete local clones" or "max- 
imal local clones" . Note that not every precomplete local clone is also 
a precomplete clone. 

If X is finite (so the notions of "clone" and "local clone" coincide) , 
the precomplete clones are useful as a completeness criterion. By a 
theorem of Rosenberg, 

• there are only finitely many (how many depends on the size 
of X) precomplete clones, and in fact there is an explicit list 

, ■ ■ ■ , them, together with effective procedures for 

checking / € 

• every clone ^ 6 va contained in a precomplete clone. 
Hence, there is an effective procedure to check if a given set of func- 
tions generates all of i.e., d({/i, . . . , /„}) = G: Just check if 
{/i, . . . , /„} is contained in one of the maximal clones. 

For an infinite set X, it is known that there are infinitely many 
precomplete clones (in fact: 2l^l many precomplete local clones, and 
2^' ' many precomplete clones). The question whether every clone 
7^ 1^? on an infinite set X is below a precomplete clone ["Is the lattice 
of clones dually atomic?"] is still not fully resolved (the answer is 
"no", if X is countable and the continuum hypothesis holds, see 
IGoldstern-HShel ah 2005 ). 

We will show here that the corresponding question for local clones 
has a negative answer in ZFC. 

|Rosenberg-|-Szab6 1984| showed that there are unbounded chains 
in the lattice of local clones (i.e., chains whose only upper bound is 
the trivial bound ^). 

However, note that for a partial order (P, <) the properties 

(*) Every element of P is below a maximal element 
(**) Every chain of P is bounded 

are in general not equivalent, not even if we restrict our attention to 
those partial orders which are of the form L\{maxL}, for a complete 
algebraic lattice L. 

The property (**) always implies (*) (by Zorn's lemma), and the 
property (*) trivially implies (**) ijP has only finitely many maximal 
elements. 

1. The lattice of local clones is not dually atomic 

On any infinite set X we will define a local clone "ii such that the 
interval ["^i , G] in the local clone lattice is isomorphic to the natural 
numbers ordered by the divisibility relation. 

Setup 1.1. Fix an infinite set X, and let s : X ^ X be a 1-1 onto map 
without cycles. In other words, X = Y x Z, and s{y,n) — {y,n + 1) 
for all y e F, n G Z. The orbits of s (or: the sets {y} x Z are called 
"components" . 

Notation 1.2. We will write a or & to denote tuples (oi, . . . , a„) or 
(&i, . . . bk) (the values of n or fc will be either irrelevant, or clear from 
the context). 

If a, b are as above, then (a, b) or (a, 6^ : 1 < i < k) denotes the 
n + fc-tuple (ai, . . . , a„, 6i, . . . , bk). 
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For n > 0, s" is the n-th iterate of s, s " is the inverse of s". is 
the identity function. For n (z Z, a E X we may write a + n instead 
of s"(a). 

More generally, if a = (ai, . . . , ak), n e Z, then we write a + n for 
(s"(ai), . . . , s"(afc)). Similarly, we may write a — n for a + (— n). 

Clearly, (a + ni) + 712 = a + (ni +712), and (a + ni) — n2 = 
a + (ni — 712), so we will often omit parentheses. 

Definition and Fact 1.3. For every n G N, the set 

00 

Pol(s") := IJ {/ e ^C^-) : Va[/(a + n) = f{a) + n]} 
fe=i 

is a local clone. 

For n = 0, Pol(s") = ^. 

These clones, and also the unbounded chain Pol(s^") were already 
considered in [Rosenberg+Szabo 1984| . 

Theorem 1.4. Let s be as above. '^1 := Pol(s). Then the map 
n i-^ Pol{s") is a lattice isomorphism between the following two 
lattices: 

• (N, I), the natural numbers with the divisibility relation, where 
1 is the smallest and the greatest element 

• (["^1, 1^], the set of all local clones extending "^i; this set 
is an interval in the lattice of local clones on X. 

In particular, there is no precomplete local clone above "^^i. Also, if s 
has infinitely many components, then {X, s) ~ {X, s") for all n / 0, 
so all clones in [^1, ff) are isomorphic (i.e., conjugate to each other 
via permutations of X). 

Definition 1.5. We say that a and b are parallel (or s-parallel), 

a\\b {a\\sb) 
iff there is some n € "Z, a + n — b. 

Fact 1.6. (1) For each k, \\ is an equivalence relation on X'^. 
(2) If A C X'^ meets each || -equivalence class in at most one 
element [exactly one element], and g : A ^ X, then there 
is a function [there is a unique function] / e Pol(s)('') with 
f\A = g. 

Definition 1.7. For any local clone & 3 Pol(s) define G@ and as 
follows: 

Gg, := {71 G Z : ^(1) C Pol(s")} 

nc^ := min{n G G@, n > 0}, n@ :— if G® ~ {0} 

Fact 1.8. G@ is a subgroup of Z, hence G® = • fc ; fc G Z} 

Proof. Let n,m E G®, / G We have to check f{x + n — m) = 

f{x) + n — m for all x Cz X: 

f{x + (71 ~ m)) = /((.T + n) — m) = /(x + n) — m = /(x) + n — m 

□ 

Lemma 1.9. If ^ 3 Pol(s) is a clone, and ^ 7^ Pol(s), then already 
^(1) 7^Pol(s)(i). 
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Proof. Let g e & n ^C"' \ Pol(s), say g{a + 1) ^ g{a) + 1. Fix any 
b ^ X. We can find unary functions fi, . . . , fk 6 Pol(s) such tliat 
fi{b) = Gi. 

Now consider tlie function h : X ^ X, defined by 
Hx) ^ 9{fi{x),---,fk{x)) 

Clearly h e and h{h + 1) = g{a +1)^ g{a) + 1 = h{b) + 1, so 

/i i Pol(s). □ 

Lemma 1.10. Let C and let & be the local clone generated 

by Pol(s) U n* := n®. 

If a = (ai, . . . , flfc) and & — (&i, . . . , 6^) are not -parallel, then 
there is a function f ^ S' such that (a, /(a)) and (&,/(&)) are not 
s-parallel. 

Proo/. First, note that Pol(s)U^(i) C Pol(s"'), so also ^ C Pol(s"'). 

If a and 6 are not s-parallel, then there is nothing to do, so assume 
b = a + i. By our assumption, £ is not divisible by n*, so £ ^ Ggi. 

We can find a function d € 'S^^^ and some c £ X with d{c + £) ^ 



d{c) + i. 

By fact II. 61 there is a function g G Pol(s) with g{a\) = c (and g{ai + 
i)=c + i). 

Now let f -.^ dogo TT^*, then /(a) = d(c), /(a + = d(c + £) 7^ 



natural numbers to local clones above Pol(s), and that this map is 
1-1. It remains to show that this map is onto. 

So let S 3 Pol(s) be a local clone. We will first consider the clone 
& = loc{S''-^^ n Pol(s)) and prove that = Pol(s") for some n G N. 
If n = 0, then '3 = S — & and if n > then we invoke lemma 
to show S ^ S). 

So we are now looking at a clone ^ D Pol(s), where = loc{^'^^^LI 



Define and n* := as in definition 1 1.71 

We will prove Pol(s" ) C i^. Since is a local clone, it is enough 
to show that every function in Pol(s" ) can be interpolated by a 
function in on any finite set. 

So let g e Pol(s"* ) be fc-ary. 

Let di, . . . , dn be in X'^, be := g{de). We claim that there is a 
function f G & satisfying also bi :— f{de) for £ = 1, . . . , rt. 

Wlog we may assume that no two of the fc-tuples di are - 
parallel. [This assumption is allowed, since g G Pol(s" ).] 

Let / be the set of all pairs i — (^'1,^2) of distinct numbers in 
{1, . . . ,7i}. For each i — (£1,^2) G / we can find a function fi G 2! 
such that (a^j, /i(a£j)) and [di^, fi{di^)) are not s-parallel. 

Let ci := (a^, fi{dt) : i G I). Clearly, for all £1 ^ £2 we have: 
and C£^ are not s-parallel. 

So by fact 1 1.61 there is a function h G Pol(s) such that 




I — > 



Pol(s") maps 



□ 



Pol(s)). 



V£: h{ci) = bi 
So the function / defined by 

fix) = h{xj,{x) 
is in ^, and it satisfies /(a^) = bi for all £. 



□ 
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Remark 1.11. Let H be any constant function. Then d(Pol(s) U 

{H}) = 6 . It is well known (and easy to show, using Zorn's lemma) 
that this implies that every clone above Pol(s) is below some pre- 
complete clone. 

(In particular, also the (nonlocal) clone := Un>o-^°K'^") 
below a precompletc clone.) 

2. A LARGE INTERVAL OF LOCAL CLONES 

Theorem 2.1. Let 6 = (£', V) be a downward directed semilattice, 
and let Con{&) be the lattice of congruences on &. Then there is a 
local clone '^2 (on the set S) such that 

[^2, ^s] - Con{&) 

That is, there is a lattice isomorphism between the set of local clones 
above and the set of congruences of &. 

Remark: If C / C is an ideal, then the partition {/, S \ 1} 
corresponds to a congruence relation which is a coatom in Con{&). 
In fact, all coatoms are obtained in this form. It is clear that Con{&) 
is dually atomic. 

Definition 2.2. Let 5" be a set ^ C S. We let Pol(^) be the set of 
all functions on S which "preserve" A: 

00 

Pol(A) := U {/ e : /[A"] C A} 

n=l 

Fact 2.3. Po1(j4) is always a local clone. 

li (l> ^ A S, then Pol(A) is a maximal clone. 

Definition and Fact 2.4. Let 6 = {S, V) be a semilattice. We call 
i? C 5 X 5 a congruence order on & iff one (or both) of the following 
two equivalent conditions are satisfied: 

(1) 9ii := {{x,y) : xRy and yRx} is a (semilattice) congruence 
relation, and: xRy iff x/6r < y/Oji. 

(2) R is reflexive and transitive, x < y => xRy, and 

(*) Va;, y, z : xRz & yRz => {xV y)Rz 

The following fact is trivial: 

Fact 2.5. The maps R Oh and 9 ^ {{x,y) : x/9 < y/9} are 
monotone bijections between congruence relations and congruence 
orders, and they are inverses of each other. 

Notation 2.6. For a,b G S let Xa,b be the function satisfying Xa,b{^) = 
a, Xa,b{^) =x{ov x^b. 

Notation 2.7. For a = (oi, . . . , ak), write V ^ for oi V • • • V a/j. 

Definition and Fact 2.8. Let S = (S, V) be a semilattice, and let C 
be a congruence order on S. Then 
00 

^(E) ■.= \J{fe -.yxGS" [fix) r\/x]} 

k=l 

is a local clone. Furthermore, 

(1) ^(E)=naesPol{^G^:^Ea} 

(2) El E E2 implies ^(Ei) E '^(E2). 

(3) / e (E) n ^(1) implies Va; : f{x) E x. 
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(4) Xa,b 



e S'iQ iff a □ 6. 



We will now consider local clones above the clone ■— <^(< 
) and we will show that they all are induced by congruence or- 
ders/congruence relations, and that also conversely every congruence 
relation is induced by a clone. 

Definition and Fact 2.9. Let D be a local clone. Then 



is a congruence order. 

Also, -^2 C -Ti C imphes Q<^^ C . 

Proof. We will check condition (2) from definition 12.41 Clearly C is 
reflexive and transitive. If a < 6, then the function Xa,b S ^2 C 
will witness that a b. 

It remains to check (*). So let a C c, 6 C c. There are functions 
f,g E with /(c) = a, g{c) = b. Since the function V : {x,y) '—^ 
X V y is in "^2 C ^, we also have {f V g) £ "^^j and / V g witnesses 
a V 6 □<g' c. □ 

Lemma 2.10. Let i? be a congruence order. Then R = Q^f^j^y 

Proof. The inclusion E^(fl) C i? is trivial: Let a ^s^ji^ b. So there 
is / G <r(i?), f{b) = a. Now by factiUS), bRa. 

For the proof of the reverse inclusion, R C C^(^), consider any 
aRb. The function Xa,b S '^{R) witnesses a ^,^(7?) 6. □ 

Lemma 2.11. Let "if D '!f2 be a local clone. Then = S{\Z<^). 

Proof. The inclusion C (C<^) is trivial: For / G we need to 
show that for all a € S, f preserves the set {x : x 'O^^ a}. Let x = 
(xi, . . . , Xk). li Xi, . . . ,Xk E"^ a then for each i there is some gi 
with gi(a) — Xi. Now . . . ,gk) witnesses that also f{x) Q^g a. 

Now we will show S'{\—cg) C '^(^ : 
Let / G S{\Z<g) be fc-ary, where ^ 3 <^2- To show that / G ''^ it is 
enough [since is local] to show that / can be interpolated by an 
element of on any finite number of places . 

So let ai, . . . ,a„ G 5''^, and let bi := f{ai). Let di \l Oi. 

Since / G '^^ have bi Q<g di, so there is (for every i) a 

unary function gi G with gi{di) = bi. 

Define a fc + 1-ary function /i, by letting hi{y,x) = y if x = Ui, 
and 

if x 7^ di, then: 

h{y,x) := some value which is < Xj and < bj for all 
J, and also < y. 

(It is possible to find such a value, since 6 is downward directed.) 
Clearly hi € 'rf C 'rf . So the function 



is in Now check that the function /' := \/ fi maps Oi to bi. 



:={(x,y) :3/G'^«/(y) = 4 




n 



Clearly /' G 



□ 



Example 2.12. Let (S", <) be a linearly ordered set. Then the congru- 
ence relations on {S, max) are exactly the equivalnce relations with 
convex classes. 
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Example 2.13. As a special case, consider the semilattice (N, max). 
A congruence relation is just a partition of N into disjoint intervals. 
The map 

9 ^ Ae := {ma.xE : E is a finite congruence class} 

is an antitone 1-1 map from the congruence relations into ^{N), the 
power set of N. 

It is also easy to see that this map is onto: Each ^ C N is equal 
to j4g(^), where for k < n we have: 

(fc, n) G 0{A) iff there is no a G ^, /c < a < n 

The map A i-^ HaGA Pol{0, . . . , a} is an isomorphism between 
(^(N), and ["^2, The empty set corresponds to ^, or to the 
equivalence relation with a single class; the set N itself corresponds 
to or to the equivalence with singleton classes. 

3. A LARGE INTERVAL OF CLONES 

On any infinite set X we will define a clone ^3 such that the 
interval ["^3, ff] in the full clone lattice is very large (with 2^'"^' pre- 
complete elements), but still reasonably well understood. 

Definition 3.1. For any function / e let /(^^ G ^^^^ be defined 

Definition 3.2. For any function / G we let 

fix(/) - {x : /(I) (x) = x} nix(/) = {x : f^'^ (x) ^ x} 

Definition 3.3. Let ^ C ^(X) be a family of sets. We define 

:= {/ G ^ : fix(/) G ^} 

Fact 3.4. (1) If ^ is a filter, then is a clone. 
(2) If ^ C then C 

Definition 3.5. Let '(^3 := '^{x} be the clone of "idempotent" func- 
tions, i.e., of all functions satisfying f{x, . . . ,x) — x for all x. 

Theorem 3.6. The map ^ —^ is an order isomorphism between 
the set of all filters (including the improper filter ^{X)) and the set 
of all clones above "^3 . 

In particular, the precomplete clones above "^3 are exactly the 
clones of the form ^[7, where U is an ultrafilter on X. 

We will prove this theorem in several steps, concluding with lemma 
below. 



Lemma 3.7. Let ^ be a filter, & D -T^. Then ^(1) D <^^^^ 

Proof. Let / G ^ \ Then fix(/) = fix(/(i)) ^ ^, so /(^^ G 

Lemma 3.8. Assume / G ^ 3 "^3, and fix(/) C fix(5), /,.g G 
Then g G ^. 

Proof. Let 



i7(a;,y) 



.g(a;) ii x ^ y 
X if X ~ y 

Clearly H G "^3. For x G fix(/) C fix(.g) we have H{x,f(x)) = 
H{x,x) = X — g{x), and for x G nix(/) we have f{x) ^ x, so 
H{x,f{x))=g{x). 

So in either case, H{x, f{x)) — g{x). □ 
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Lemma 3.9. Let ^ be a clone with % <Z & ff. Then there is 
a (proper) fiher such that = 'rf^. 

Proof. Let / {nix(/) : / e ^} = {nix(/) : / £ ^f^)}. We first 
check that / is an ideaL 

li A = mx(/), f G and B C A, then by lemma IXHl there is a 
function g £ & with _B = nix(g). So / is downward closed. 

Now let Ag = mx{fg), fi € '3 for ^ — 1,2, and assume that 
Ai n As = 0. 

Let B = X \ {A\ U A2). We may assume that either \A\ \ > 2, or 
S 7^ (or both). 

In either case there is a unary function /{ with nix(/() = Ai, and 
/( maps Ai into A^ U B. By lemma EHl /{ £ ^. So /s o /{ G ^. 
Also, nix(/2 o /^) = Ai U A2; this shows that / is an ideal. 

Let ^ be the filter dual to /. Clearly, 

/e^^fix/e^^/e'T^. 

For the converse, we first check n G'^^^ C ^: 
Let / £ be unary. So fix(/) 6 i.e., there is a function g £ '21 
with fix / = fixg. By lemma IX^ / e ^• 

Now take an arbitrary n-ary function / G We need to show 
that f € 2. Let A = nix/ G /. Define an n + 1-ary function H as 
follows: 

n[xi,...,xn,y) - <^ /(a;i, . . . x„) otherwise 

Clearly H G "^3. Note that /^^^ G ^, so also the function x 1-^ 
i?(x,/(i)(a;i)) is in 2. 

We now check that H{x, /'•^-'(xi)) = f{x) for all x. We distinguish 
three cases: 

Case 1: xi = ■ ■ ■ = Xn G A — nix(/). So /^^^(xi) 7^ xi, hence (by 
definition of H) we have H{x, f'-^^xi)) = /(x). 

Case 2: a;i = • ■ • = 2;„ G fix(/). So f{x) = f'-^^xi) = xi, and also 
il(x,/(i)(xi))=xi. 

Case 3: Not all equal. Again, by definition of H, we have 

H{xi, . . . ,x„,/(i)(a;i)) = f{xi, . . . ,x„). 

This shows that f e 2>. 

Remark 3.10. If we regard the set X as a discrete topological space, 
then the Stone-Cech compactification of X is 

/3X = {[/:[/ is an ultrafilter on X] 

There is a canonical 1-1 order-preserving correspondence between the 
filters on X (ordered by C) and the closed subsets of (3X (ordered 

by 2). 

So the interval ["^3, ff] in the full clone lattice is isomorphic (as a 
complete lattice) to the family of closed subsets of PX, ordered by 
reverse inclusion: corresponds to the empty set, each precomplete 
clone in ["^3, ff\ corresponds to a singleton set. 

Note that for any closed subset F C (3X and any p G (iX \ F, also 
F U {p} is closed, and moreover: 

F covers G (i.e., F D G, and the interval {G,F) is 
empty) iS G = F U {p} for some pe j3X\F 
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In particular, let ^ "^3 be the clone corresponding to the ideal 
of small sets, i.e., 

•i^d {/ e ^^'-^^B C X, \B\ < Vx eX\B: f{x, ...,x)=x} 

Then every clone ^ 13 "^bd has exactly 2^'^' lower neighbors in 
the clone lattice; the clone corresponds to a closed set and the 
lower neighbors correspond to closed sets F U {p}. 

This is a special case of a theorem of jMarchenkov 1981] . 

□ 
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